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["T I ' Renyi entropy associated with spin tomograms of quantum states is shown to obey to new 

inequahties containing the dependence on quantum Fourier transform. The hmiting inequahty 

CNj ! for the von Neumann entropy of spin quantum states and a new kind of entropy associated 

with quantum Fourier transform are obtained. Possible connections with subadditivity and 

^ ■ strong subadditivity conditions for tomographic entropies and von Neumann entropies are 

^! discussed. 
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1 Introduction 

In previous work [1], the probability-operator-symbol framework for quantum information was 

■ constructed. In this approach, quantum-information ingredients like qubits, qudits, and the operators 
^ . providing the description and connection of the qudit states are given in the form of functions 
^ ! called the operator symbols. For the operator symbols, the product rule called the star-product is 
O I determined by using an integral nonlocal kernel [2]. For the both pure and mixed qudit states, the 

operator symbols of their density operators are standard probability-distribution functions. Since 
the qudit states for multipartite systems are described by standard probability distributions, all 
the characteristics of the distributions including Shannon entropy [3] and Renyi entropy [4] can be 
used to introduce in quantum information [1] the operator-symbol entropies like, e.g., operator- 
5^ I symbol Renyi entropies, operator-symbol relative g-entropy. Since the Shannon entropy is the 
limiting case of the Renyi entropy, the corresponding analogs of the operator-symbol Shannon 
entropy and the properties of this entropy can be obtained in quantum information within the 
introduced operator-symbol framework. 

In quantum mechanics and quantum information, there is a fundamental feature distinguishing 
their quantum nature from their classical counterparts, that is the uncertainty relations. The 
uncertainty relations by Heisenberg [5] and by Schrodinger [6] and Robertson [7, 8] written for 
conjugate variables like positions and momenta were also accompanied by the so-called entropic 
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uncertainty relations. The entropic uncertainty relations for the continuous variables were written 
in the form of inequalities for Shannon entropy associated with the position and momentum 
probability densities in [9-11]. 

Within the operator symbol framework, in quantum information the subadditivity and strong 
subadditivity conditions were obtained for probability distribution describing qudit quantum states 
(called spin tomograms) [1]. Also some relations of the inequalities with subadditivity and strong 
subadditivity conditions for the von Neumann entropy were clarified. In fact, within the operator 
symbol framework, the tomographic map of unitary group U{n) onto simplex was given and, 
in view of this map, the notion of Shannon entropy, Renyi entropy, and other entropies were 
introduced for unitary group. 

The entropic uncertainty relations for finite-dimensional quantum systems were obtained in 
the form of inequalities for Shannon entropies associated with probability distributions related 
to measuring noncommuting observables in [12-16]. The uncertainty relations for Renyi entropy 
for the position and momentum distributions and for finite-dimensional systems with measuring 
observables related by quantum Fourier transform were obtained in [17]. There exist for bipartite 
and tripartite systems the known inequalities for the von Neumann entropy called subadditivity 
and strong subadditivity conditions [18,19]. 

The aim of this work is to review the results of [1] and extend the study of entropic inequalities 
like subadditivity and strong subadditivity conditions obtained in the previous work on the 
probabilistic operator symbol framework in quantum information and to find new entropic inequalities 
for spin tomograms which are analogs of entropic inequalities discussed in [12-17]. For continuous 
variables, the entropic inequalities for quantum symplectic tomogram were discussed in [20-25]. 
The essential aspect of the new inequalities is that they are closely related to properties of quantum 
Fourier transform discussed in [26] and used in quantum information (see, for example, [27-29]). 
The quantum Fourier transform as an important ingredient plays a key role in quantum computing, 
quantum information processingJl] 

We will get entropic inequalities which provide some constrains for unitary spin tomograms 
connecting them with In A^, where is dimension of Hilbert space. The number In A^ has appeared 
in entropic inequalities in earlier works [12-14, 16] but a new element of the present study is that 
In N is directly associated with tomographic-probability distribution determining the qudit state 
in the probability operator symbol framework in quantum information. 

2 Spin tomograms 

Given an A^-dimensional Hilbert space of spin system. One can interpret the Hilbert space either 
as the state space for one particle with spin j = (A^ — l)/2 or in the case of product representation 
of number A^ = nin2 . . .um as the space of multipartite spin system with ji = (ni — l)/2, ^2 = 
(n2 — l)/2, . . . , Jm = [nM — l)/2. The NxN density matrix p of the quantum state can be 
represented by the unitary tomogram of the spin state [30]. 

In the case of spin state with j = {N — l)/2, the tomogram is defined by the relation 

w{'m,u) = {m I M^p-u I m), (1) 

^ This work was initiated by illuminating discussions with Rui Vilela Mendes and we thank him for his help in 
obtaining the results presented here. 



where p is the density matrix, u is NxN unitary matrix and semi-integers m = —j, — j ' + 1, . . . , j 
are values of spin projection on the z axis. The tomogram w{m,u) is nonnegative probability 
distribution function of random spin variable satisfying the normalization condition 

j 

w{m, u) = 1 (2) 

m=-j 

and the equality 

J w{m, u) du = 1, (3) 
where du is Haar measure on unitary group with normalization 

j du = l. (4) 

The important property of tomogram ([T]) is that its connection with density matrix p is bijective, 
i.e., p ^ w{m, u) [1]. This means that the quantum state is given if the tomogram is known [31,32]. 



3 Quantum Fourier transform 

The symmetric unitary NxN matrix F with matrix elements Fjk = exp (^^jk^ [j,k = 
0,1, . . . , N — 1), which are characters of irreducible representation of cyclic group Cat, can be 
used to provide invertible map of normalized complex vector a with components Ofc onto complex 
vectors a^^^^ with components follows: 
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The matrix F with matrix elements Fkj satisfies the equality 



1. 



(5) 



(6) 



The map ([5]) is called the quantum Fourier transform for cyclic group Cn- 

If one uses the usual labels for spin projection m = —j, + ,j, the operator F for 
quantum Fourier transform can be defined as 



where the symmetric matrix 
has the form 



F \m) = Fm'm I m'), 

m'=~j 

Fm'm = {m! \ F \ m) 



(7) 
(8) 
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(9) 



Thus the unitary operator of quantum Fourier transform reads 

j j 

^= E E Prn'm \ m') {m \ . (10) 

m=—j m'=—j 

In view of (Ej), one has (-F)^ = 1, where 1 is the identity operator. 

4 Shannon and Renyi tomographic entropies 

Following standard definitions of probability theory, one can introduce Shannon [3] tomographic 
entropy [1,33] and Renyi [4] tomographic entropy [1]. The Shannon tomographic entropy (operator- 
symbol Shannon entropy) is the function on unitary group 

j 

Hu = — ^ w{m,u)lnw{m,u). (11) 

m=-j 

The Renyi tomographic entropy (operator symbol Renyi entropy) is also the function on the 
unitary group and it depends on extra parameter 

i?« = T^ln( E iw{{m,ujA . (12) 

Q \m=-j / 

Likewise for two spin tomograms Wi{m,u) and W2{m,u), we define the operator symbol relative 
g- entropy 

Hq{wi{u)\w2{uj) = - V wi{m,u) Ing (13^ 

wi{m,u) 

with 

ln„x = , a; > 0, q > 0, ln„^i a; = Inx. (14) 

1 — q 

The relative tomographic g-entropy is nonnegative. 

For q ^ 1, Ru ^ and the operator symbol relative g-entropy becomes operator symbol 
relative entropy 

H{wi{u)\w2{u)) = - V wi{m,u) ln ^^|"^'^| . (15) 

As was shown in [1], the minimum over unitary group of the operator symbol Renyi entropy is 
equal to quantum Renyi tomographic entropy 

min = ^^InTrp^. (16) 
Also the relative entropy (|T3l) is nonnegative function for any admissible deformation parameter 

q- 

The minimum of entropy given by ( ITTl) over the unitary group is equal to von Neumann 
entropy [1, 33], i.e., 

min Hy^ = —Tip In p. (17) 



5 Shannon entropic inequalities in measuring 
noncommutative observables 

In this section, we review known entropic inequalities [12-16] which appear in the problem of 
measuring two observables A and B in finite Hilbert space. 

Let the spectral decompositions of Hermitian operators A and B read 

A = J2Ak\ak){ak\, B = Y,Bk\hk){h\, k=l,...,N, (18) 

k k 

where Ak and Bk are eigenvalues of the observables and | ak) and | bk) are their orthonormal 
systems of eigenvectors. 

For pure state | ip) , one has two probability distributions 

Pk = \{ak\^)\^ qk = \{bk\^)\^. (19) 

The corresponding Shannon entropies connected with these two distributions read 

Hp = - ^Pk Inpfc (20) 

k 

and 

Hq = - ^qk Ingfe. (21) 

k 

They satisfy the inequality found in [34] 

Hp + Hg>-2hi]^{l + c), (22) 

where the bound c is determined by maximum values of scalar product modulus 

c = max \ {aj \ hk)\. (23) 

i-.k 

In [35] the inequality was conjectured to be improved 

Hp + Hg>-2\jic (24) 

and in [12] it was proved. 

For the case of observables A and B with eigenvectors providing mutually unbised bases | ak), \ 
bk) (see [14,26]), i.e., 

max|(aj | bj) \ = (25) 



N 

inequality ( l24l ) reads [14] 

Hp + H^>\nN. (26) 

Thus the dimensionality of Hilbert space appears in the entropic inequality. 

The problem of mutually unbiased bases is related to geometry of finite Hilbert spaces [36,37]. 
It was widely discussed in connection with constructing the Wigner function for finite Hilbert 
space and quantum cryptography (see, for example, [27,38-41]). 



The entropic inequalities for Shannon entropy can be also obtained in studying the problem 
of measuring several noncommutative observables with orthonormal sets of eigenvectors which 
satisfy the condition (l25ll (see [14,15]). In [13] the entropic inequalities for Tsallis entropy related 
to continuous variables were obtained on the base of Sobolev inequalities while in [17] the analogous 
entropic uncertainty relations for Renyi entropy both for finite Hilbert space and for continuous 
variables were presented. 

6 Known inequalities for bipartite and tripartite systems 

The operator symbol entropies satisfy some known inequalities found in [1]. For example, if the 
spin system is bipartite, i.e., one has spin ji and j2, the basis in tensor product space reads 

I mim2) =1 mi) | 17x2). (27) 

In this case, the tomogram is the joint-probability distribution of two random spin projections 
mi = -ji, -ji + 1, . . . , ji and ma = -ja, -32 + 1, • • ■ J2 depending on (2ji + l)(2j2 + l)x(2ji + 
l)(2j2 + 1) unitary matrix u. The tomogram reads 

w{mi,m2,u) = (mim2 | u''p{l,2)u \ mima), (28) 

where p(l, 2) is the density matrix of bipartite system with matrix elements 

= (mim2 I p(l,2) I m'^m'a). (29) 

For the tomogram, one can introduce the Shannon entropy Hi2{u) as 

ji i2 

Hi2{u) = — ^ ^ w{mi,m2,u)\n.w{mi,m2^u) (30) 

m\=—ji 1712=— j2 

and the entropy satisfies the subadditivity condition for all elements of the unitary group 

H^2{u)<H^{u) + H2{u), (31) 

where Hi{u) and H2{u) are Shannon entropies associated with subsystem tomograms 

h 

Wi{mi,u) = ^ w{mi,m2,u) (32) 

and 



■m2=-j2 



Jl 



W2{m2,u)= w{mi,m2,u) (33) 

as follows: 



mi=-Ji 



3k 



Hk{u) = - ^kimk,u) lio.Wk{mk,u), k = 1,2. (34) 



From this inequality, in view of the relation between the von Neumann and operator symbol 
entropies, follows the known inequality [1], which is subadditivity condition for corresponding von 
Neumann entropy for bipartite system 

Si2 <Si + S2, (35) 

where 

Sk = -Trpfc Inpfc, k = l,2 (36) 

and 

Pi = -Tr2 p(l, 2), p2 = -Tn p(l, 2). (37) 

For tripartite spin system with spins ji, j2, js and density matrix p(l, 2, 3), the spin tomogram 
reads 

w{mi,m2,m^,u) = (mim2m3 | u'' p{l,2,3)u \ mim2m^). (38) 

One associates with this tomogram the Shannon entropy Hi2s{u). This entropy satisfies inequality, 
which is the strong subadditivity condition on the unitary group. It reads [1] 

H,23 {u) + H2{u)<Hi2{u) + H2z{u), (39) 

where 

h h h 

Hi2-i{u) = - XI XI 51 ty(mi,m2,m3,M)lnw(mi,m2,m3,M) (40) 

mi=-ji m2=-j2 mi=-jz 

and entropies Hi2{u), 7^23 (w), and H2{u) are defined by means of projected tomograms 

33 



Wi2{mi,m2,u) = J2 w{mi,m2,ni^,u), (41) 

m3=-j3 
h 

W23{m2,m3,u) = w {nil, 1712, ms,u), (42) 

h 

W2{m2,u)= X Wi2{mi,m2,u). (43) 



mi=~ji 



New inequality ( l39l l does not contradict the known strong subadditivity condition for von Neumann 
entropy [18, 19] 

^123 + ^2 < ^12 + ^23, (44) 

where 

5'i23 = -Trpi23 lnpi23, (45) 

and other entropies are von Neumann entropies for reduced density matrices p(l, 2) = Tr3p(l, 2, 3) 
and p(2,3) = Trip(l,2,3). 

Inequalities (l3Tl) and (l39l) are new inequalities for composite quantum finite-dimensional systems 
obtained in [1]. 



7 New inequalities for Renyi operator symbol entropies 



In this section, we continue the study of tomographic entropies along the line of our previous 
work [1] and derive new inequalities for spin tomographic entropies related to quantum Fourier 
transform. For continuous conjugate variables (position and momentum), the inequalities for 
Renyi entropy associated with probability densities in position and momentum were obtained 
in [17]. These inequalities were used to obtain new integral inequalities for symplectic and optical 
tomograms in [20,22-25]. In [17] for A^-dimensional Hilbert space the analog of uncertainty relation 
for the Renyi entropies was given in the form 

T^>n(|:p-)+Y47^1.>(|pf)>lniV. (46) 

where 

11 

Pk =1 ttk |^ pi =1 a; |^ - + 15= 2, (47) 

a p 

and the complex numbers Sfc and ai are connected by the quantum Fourier transform 

1 f27rikl\ , , 

«fc = ^Eexp — a/. (48) 



Below we use the inequalities to obtain new inequalities for Shannon and Renyi entropies associated 
with unitary spin tomograms. The spin tomogram of a state with density operator p can be 
considered as a column probability vector on unitary group with the components Wm{u)- Then we 



can introduce another A^- vector with components Pm{u) = yWm{u). Applying inequality (l46l) to 
these vectors and the notation 



J2 Fmrn' \Jw{m',u) 



WFijn^u), (49) 

m'=—j' 

where Fmm' is given by ([9]) and wp{m,u) is the probability distribution, we obtain inequality 

In ( w{m,u)A + In ( E WF{m,u)A > InN. (50) 

^ \m=-j J 1^ \m=-j I 

Also using for pure state | the definition of spin tomogram, we obtain another similar inequality 
^ ln( ^ w(m,M)° I + In I ^ w{m,Fuf \ >lnA^, (51) 



where F is quantum Fourier transform matrix. We can conjecture that the above inequality ([5l 
is valued also for mixed state. 

Thus one has for Renyi entropy (fT2ll the inequality for each unitary matrix 



Ro,{u) + Rii[Fu) > InN. (52) 



Thus the unitary spin tomogram of the particle with spin j for the state with NxN density matrix 
p, where = 2j + 1, must satisfy inequality (jSTIl . In the limit a — > 1, /3 — 1, one gets inequalities 
for Shannon entropy of the spin state 

H{u) + H{Fu)> In N. (53) 

Another inequality reads 

H{u) + HFiu)>\nN, (54) 

where Hpiu) is the Shannon entropy associated with the probability distribution WF{rn,u). 

For the minimum value of the Shannon entropy realized for unitary matrix Uq, one has the von 
Neumann entropy 

H{uo) = 5vN. (55) 

Inequality ( l53l l written for Uq 

H{uo) + H{Fuo)>\nN (56) 
provides the inequality for the von Neumann entropy 

S,^ + S{Fuo)>lnN, (57) 

where S{Fuq) is a new entropy. It has the following physical meaning. If the density operator p 
of the quantum state of spin is given in the form of spectral decomposition 

P=EA, |g)(g|, (58) 
'i=-j 

one can identify the eigenstate | q) of the density operator p with "position" state. In the approach 
with mutually unbiased bases and Wigner function for finite Hilbert space [26,27,38-42], the states 

\p) = F\q), (59) 

where F is the Fourier transform operator, are interpreted as "momentum" eigenstates. The matrix 
elements 

{p\F\q) = F„ (60) 

provide the matrix F which coincides with the Fourier transform matrix. Thus we have the 
interpretation of the new inequality in the same manner as it was done in the case of continuous 
variables. The new entropy S{Fuo) in ( l57ll is the Shannon entropy for "momentum" distribution, if 
we identify the standard von Neumann entropy with Shannon entropy for "position" distribution. 
Let us consider the example of qubit state with density matrix 



1 




(61) 



Position operator q is matrix and momentum operator p is ax matrix. Two position eigenvectors 

I q) are ^ q ^ ^^'^ ( ^ ) ^^'^ momentum eigenvectors | p) are 73 ^ i ^ ^^'^ 75 ^ ) ' '^'^^ 
matrix F reads 

1 f 1 1 \ 



V2\l -I 



(62) 



The matrix uq = 1. Inequality (l57l) is saturated since 

^vN = 0, 5(F) = In 2 (63) 

and 

5vN + 5(F) = ln2>ln2. (64) 
Also the inequality for Renyi entropy is saturated 

Ra{uo) + Rp{Fuo) = In 2 > In 2. (65) 

In the considered example, the | q) and | p) vectors form that is called "mutually unbiased bases" 
[39-42]. 

One should note that there are Shannon entropic uncertainty relations for distributions associated 
with set of mutually unbiased bases [15] and with pairs of orthogonal bases [12]. In the case where 
mutually unbiased bases are connected by quantum Fourier transform, our result ([56l) coincides 
with [12]. 

In [1] group average Shannon and Renyi entropies were introduced. 

Due to invariance of Haar measure, one can conclude that the group average Shannon tomographic 
entropy satisfies the inequality 

H = J H{u)du>^lnN. (66) 
Also for group average Renyi entropy (fT2ll . one has 

Rap = I Ra{u) du+ I Rp{u) du>\YiN, 1 + 1 = 2. (67) 
J J a jj 

To illustrate the inequalities obtained, let us now discuss the mixed state of qubit with diagonal 
density matrix 

P=(o 1!)' a + h=l. (68) 

Then inequality (l53l ) can be visualized as follows. 
Von Neumann entropy of this state 

5'vN = — olna — &ln6. (69) 

The density matrix subjected by quantum Fourier transform (l62l ) reads 

F^pF=( («-^)/2^ (70) 

P \ (a-6)/2 1/2 j ■ 

Its tomographic entropy 

H{Fuo) = \a2, Uq = 1. (71) 
Thus inequality (l53ll looks as follows: 

-alna-61n6 + ln2 > ln2, (72) 



which only means that von Neumann entropy is nonnegative. But inequality (1541) gives better 
estimation since the number In 2 is replaced by a smaller number. In fact, the tomographic- 
probability vector of the qubit state 

(73) 

is associated to the probability-amplitude vector with positive components 



Then after making the quantum Fourier transform of this vector, we get the column vector 
The probability-distribution vector associated to the above probability-amplitude vector reads 



/ (1/2) + Vab \ 

Thus we apply inequality relating Shannon entropies to two vectors (1741) and (l76l l and obtain 

-alna-61n6- Q + Va6^ In Q + Va6^ - Q - Vofej In Q - Va6^ >ln2, (77) 

or 

^vN - (2 + ^) 1^ (2 + ^) " (2 ~ ^) (2 ~ ^) - ^^^^ 

This inequality is not that obvious though we know that > 0. 
Some inequalities for unitary matrix can be obtained. 
Let us consider A^x A^-unitary matrix Ujk- One has the inequality 

N 

-Y.{\ujk?\^\ujk\'' + \{Fu),k\^\Yi\{Fu)jk\^) >\tiN (79) 
i=i 

or 

N N 

-llT.{M''\ri\u,k?+\{Fu),k?\n\{Fu)ju?) > iVlniV, (80) 
3=1 k=i 

where Fj^ is the Fourier transform matrix. Integrating inequality (l79ll over the unitary group with 
Haar measure normalized as in (JS]) one has the inequality 



'^\n\ujk\^\du>]^\nN. (81) 



We demonstrated on the example of qubit that for tomograms of the spin states connected 
by quantum Fourier transforms one has constraints in the form of inequalities for Shannon 
tomographic entropies. One can demonstrate analogous constraints for Renyi tomographic entropies 
too. 



8 Conclusions 



We point out that there exist several inequaUties for Shannon and Renyi entropies associated to 
spin quantum state tomograms. These inequaUties provide extra information theory constraints 
in addition to known subadditivity and strong subadditivity conditions. Physical and information 
meaning of the inequalities obtained needs extra clarification. 
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